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ABSTRACT: We define Landau-Lifshitz sigma models on general coset space G/H, with H
a maximal stability sub-group of G. These are non-relativistic models that have G-valued
Nother charges, local H invariance and are classically integrable. Using this definition, we
construct the PSU(2,2[4)/PS(U(2|2)?) Landau-Lifshitz sigma-model. This sigma model
describes the thermodynamic limit of the spin-chain Hamiltonian obtained from the com-
plete one-loop dilatation operator of the N = 4 super Yang-Mills (SYM) theory. In the
second part of the paper, we identify a number of consistent truncations of the Type IIB
Green-Schwarz action on AdSs x S° whose field content consists of two real bosons and 4,8
or 16 real fermions. We show that k-symmetry acts trivially in these sub-sectors. In the
context of the large spin limit of the AdS/CFT correspondence, we map the Lagrangians of
these sub-sectors to corresponding truncations of the PSU(2,2[4)/PS(U(2/2)?) Landau-
Lifshitz sigma-model.
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1. Introduction

The gauge/string correspondence [ provides an amazing connection between quantum
gauge and gravity theories. The correspondence is best understood in the case of the max-
imally supersymmetric dual pair of N' = 4 SU(N) super-Yang-Mills (SYM) gauge theory
and Type IIB string theory on AdSs x S°. Recent progress in understanding this duality
has come from investigations of states in the dual theories with large charges f—f. In
these large-charge limits (LCLs) it is possible to test the duality in sectors where quan-
tities are not protected by supersymmetry. Typically, one compares the energy of some
semi-classical string state with large charges (labelled schematically J) to the anomalous
dimensions of the corresponding operator in the dual gauge theory, using 1/J as an ex-
pansion parameter which supresses quantum corrections. A crucial ingredient, which made
such comparisons possible, was the observation that computing anomalous dimensions in
the N' = 4 SYM gauge theory is equivalent to finding the energy eigenvalues of certain
integrable spin-chains [f] (following the earlier work on more generic gauge theories [[]). At
the same time the classical Green-Schwarz (GS) action for the Type IIB string theory on
AdS5 x S® was shown to be integrable BI]. The presence of integrable structures has led to
an extensive use of Bethe ansatz-type techniques to investigate the gauge/string duality [§.
In particular, impressive results for matching the world-sheet S-matrix of the GS string
sigma-model with the corresponding S-matrix of the spin-chain have been obtained [[L{].

The matching of anomalous dimensions of gauge theory operators with the energies of
semi-classical string states was shown to work up to and including two loops in the 't Hooft
coupling A. At three loops it was shown that the string and gauge theory results differ. As
has been noted many times in the literature, this result should not be interpretted as a fal-
sification of the gauge/string correspondence conjecture. Indeed, while the (perturbative)
gauge theory computatons are done at small values in A, they are compared to dual string
theory energies which are computed at large values of A and as such are not necessarily
comparable. It has then been a fortunate coincidence that the one- and two-loop results
do match.

This match was first established in a number of particular semi-classical string solutions
and corresponding single-trace operators [f. Later it was shown that, to leading order in
the LCL, for some bosonic sub-sectors the string action reduced to a generalised Landau-
Lifshitz (LL) sigma model, which also could be obtained as a thermodynamic limit of the
corresponding spin-chain [[d - [[d, [[§] (see also [RQ]). In this way, by matching Lagrangians
on both sides one can establish that energies of a wide class of string solutions do indeed
match with the corresponding anomalous dimensions of gauge theory operators without
having to compute these on a case-by-case basis.

A natural extension of this programme is to match, to leading order, the LCL of the
full GS action of Type IIB string theory on AdSs x S to the thermodynamic limit of
the spin-chain corresponding to the dilatation operator for the full N' = 4 SYM gauge
theory; including fermions on both sides of the map is interesting given the different way
in which they enter the respective actions. On the spin-chain side fermions are on equal
footing to bosons [I9, [[7 - the LL equation, which describes the thermodynamic limit of



the system, relates to a super-coset manifold when fermions are included, as opposed to a
coset manifold when there are no fermions. In particular, both fermions and bosons satisfy
equations which are first order in 7 and second order in ¢. On the other hand, fermions
in the GS action possess r-symmetry [PJ—Rf] and their equations of motion are first order
both in 7 and o. Previous progress on this question was able to match string and spin
chain actions in a LCL up to quadratic level in fermions [P0, [[7, [[9). Roughly speaking, on
the string side, k-gauge fixed equations of motion for fermions typically come as 2n first
order equations. From these one obtains n second-order equations for n by ’integrating out’
half of the fermions. Taking a non-relativistic limit on the worldsheet one ends up with
equations which are first order in 7 and second order in ¢ which can be matched with the
corresponding LL equations obtained from the spin chain side. Matching the terms quartic
and higher in the fermions had so far not been achieved, though it is expected that this
should be possible given the results of [f]. However, finding a suitable x-gauge in which
this matching could be done in a natural way remained an obstacle. Below we propose a k
gauge which appears to be natural from the point of view of the dual spin-chain and allows
for a matching of higher order fermionic terms in the dual Lagrangians.

In this paper we first present a compact way of writing LL sigma models for quite gen-
eral (super-)cosets G/H; in particular we write down the full PSU(2,2|4)/PS(U(2[2)?) LL
sigma model which arrises as the thermodynamic limit of the one-loop dilatation operator
for the full ' = 4 SYM theory. This generalises earlier work by [LJ]], and allows one to
write down LL-type actions without having to go through the coherent-state [ thermo-
dynamic limit of the spin chain. We then identify a number of sub-sectors of the classical
GS action! all of which have two real bosonic degrees of freedom and a larger number of
fermionic degrees of freedom (specifically 4,8 and 16 real fermionic d.o.f.s?). Finally, we
define a LCL in which the GS actions for these fermionic sub-sectors reduce to correspond-
ing LL actions. In this way we match the complete Lagrangians for these sub-sectors and
not just the terms quadratic in fermions. Since the largest of these sectors contains the
maximal number of fermions (sixteen) for a k-fixed GS action the LCL matching to a LL
model gives a clear indication of what the natural k-gauge is from the point of view of the
dual spin-chain.

The fermionic sub-sectors of the GS action that we find are quite interesting in them-
selves because on-shell k-symmetry acts trivially on them - in particular the sub-sector
containing 16 fermionic degrees of freedom contains the same number of fermions as the
r-fixed GS superstring on AdSs x S°. Since k-symmetry acts trivially in this case one can-
not use it to eliminate half of the fermions as one does in more conventional GS actions.
Further, these fermionic sub-sectors naturally inherit the classical integrability of the full
GS superstring on AdSs x S° found in [R1]). Integrating out the metric and the two bosonic

!By a sub-sector we mean that the classical equations of motion for the full GS superstring on AdSs x S°
admit a truncation in which all other fields are set to zero in a manner which is consistent with their equations
of motion. This is quite familiar in two cases: (¢) when one sets all fermions in the GS action to zero and,
(ii) when one further restricts the bosons to lie on some AdS, x S? sub-space (1 > p, ,q > 5).

2The 4 fermion model was previously postulated to be a sub-sector of the classical GS action in [@] and
represents a starting point for our analysis.



degrees of freedom one then arrives at a new class of integrable differential equations for
fermions only.

This paper is organised as follows. In section f] we give a prescription for constructing
a LL sigma model on a general coset G/H. We also present a number of explicit exam-
ples of LL sigma models most relevant to the gauge/string correspondence there and in
appendix []. In section f we identify the fermionic sub-sectors of the GS superstring on
AdSs x S®. In section [l we define a LCL in which the GS action of the fermionic sub-sectors
reduces, to leading order in J, to the LL sigma models for the corresponding gauge-theory
fermionic sub-sectors. Since the GS action for the four fermion subsector is quadratic in
the remaining appendices to this paper we present a more detailed discussion of it includ-
ing a light-cone quantisation in appendix [B, a discussion of its conformal invariance in
appendix [J and a T-dual form of the action in appendix [{.

2. Landau-Lifshitz sigma models

In this section we construct the Lagrangian for a Landau-Lifshitz (LL) sigma model on a
coset G/H.> The Lagrangian will typically be first (second) order in the worldsheet time
(space) coordinate, and so is non-relativistic on the worldsheet. We refer to such models
as LL sigma models because in the case of G/H = SU(2)/U(1) the equations of motion

reduce to the usual LL equation
Orn; = aijknjagnk, where nin; = 1. (2.1)

The construction of LL Lagrangians is closely related to coherent states |w, A). Recall*
that to construct a coherent state |w,A) we need to specify a unitary irreducible repre-
sentation A of G acting on a Hilbert space V and a vacuum state |0) on which H is a
maximal stability sub-group, in other words for any h € H

A(n)[0) = €™ j0) | (2.2)
with ¢(h) € R. Given such a representation A and state |0) we define the operator (2 as
Q=10) (0| . (2.3)

The LL sigma model Lagrangian on G/H is defined as

Loram = LY am + Lry G/H (2.4)
where

L0 = —iTx (Qgforg) | (2.5)

Lt am=Tr (gTDaggTDag) : (2.6)

3For earlier work on this see .
4For a detailed exposition of coherent states see [@], a brief summary, using the same notation as in
this paper, is also presented in appendix A of [E]



Above, ¢'Dyg = 7059 — gT05g|1r is just the standard H-covariant current. It is then clear
that Elﬁf G/H is invariant under gauge transformations

g—gh, (2.7)

for any h = h(r, o) € H. We may also show that the same is true of EXZG JH- To see this

note that the gauge variation of ELWLZG JH using equation (R.2), is given by

SHLY = €M (00,1 [0) = e ML ((0] h]0)) = idrp(h) . (2.8)
This in turn is a total derivative; and so the full action is invariant under local right H
action. The Lagrangian also has a global G symmetry
g — 909 ; (2.9)
for any go € G with 9,99 = 9,90 = 0, and the corresponding Néther current is given by

(Gr s Jo) = (¢92",2iD,gg") . (2.10)

In [1§, [ LL actions were written down in terms of Lie algebra matrices denoted
typically by N. To make contact with the present notation we note that®

1
N = gQg — T, (2.11)

where the second term on the right hand side is included since N is traceless. Finally, let
us note that these LL sigma models admit a Lax pair representation and as a result are
integrable. This is most easily seen in terms of the matrix N for which the equations of
motion are the LL matrix equation

1
0N =2 [N, DN} . (2.12)
This is equivalent to the zero-curvature condition on the following Lax pair
iN
L— 0, — —, 2.13
drx ( )
iN [N,0,N}
— 0, — _ : 2.14
M 422 STx ( )
where [, -} is the (super)-commutator. In the remainder of this section we construct

a number of explicit examples of LL sigma models. Further examples of interest in the
gauge/string correspondence are relagated to appendix Al The reader who is not interested
in the details of these examples should skip the remainder of this section.

2.1 The U(1|1)/U(1)? model

This is one of the simplest LL sigma models,% in that the Lagrangian is quadratic

Liy vamyyuay = W + 0,90, (2.15)

with ¢ a complex Grassmann-odd field and ¢ its complex conjugate. Notice that this
result can be obtained using the explicit 2 x 2 supermatrix representation of U(1|1), with
the vacuum state |0) being the super-vector (0, 1).

®The following equation is due to Charles Young.
There is also the equally simple bosonic U(1) LL sigma model.



2.2 The SU(3)/S(U(2) x U(1) model

Before proceeding to our main example - the PSU(2,2|4) model - in this subsection we
show how the above formal prescription applies to the well known SU(3) Landau-Lifshitz
model [[§, [[d]. Recall that the Lagrangian for this is

- 1 Z.
Lsu(@)/sw) xv) = —iU'0:U; = 5| DUl + NUU* = 1), (2.16)

where
D,U; =8, —iC,,, C, = —iU'o,U;, (2.17)

for =7, cand U’ = U;. To show that we can obtain this from our general expression (P.4)
we write elements of the group SU(3) as 3 x 3 matrix g, split into a 3 x 2 matrix X and a

vector Y

= (X,Y), (2.18)
and because g is in SU(3) (i.e. gfg = 1) we have

XTxX =1,, Yy =1, Xy =0, YiX =0, (2.19)
XXT+YYT =13. (2.20)

The kinetic part of the Lagrangian (2.4) is then given by

Lyin SU3)/5(U2) x U(L)) = —TT ((97"D1g)(g 1D19))
2
XTDlX XtDyy 1T 0 XfoYy
= —1r
YTDlX YiDY 4 Yio, X 0
1
= 5T [XTalYYT(?lX]

1 1
= 5 [(%XTYYT(%X} = —5Tr [alYTXXT(?lY]

1 1 |
=5 —Tr [alxm - XXT)alx} = 300 - YiY)ary,
1 [~ 1
= —JTr [DlXTDlX} = —5DiY'DyY;. (2.21)

The final expression is the same as the kinetic term of the usual SU(3) Landau-Lifshitz
Lagrangian (R.16) upon identifying Y; with U; (above Y? = Y'T). Above, we have defined

D1Y; = Y =YYV,  DiY'= (DY) (2:22)
DiX =0 X - XX'oX, DiX=(DX). (2.23)

The WZ term of the Lagrangian is given by equation (R.§) and can be written as
Lwz su3)/80@) x vy =i Tr(XT00X) = —iY'9yY;. (2.24)
This follows from the fact that g~ '0yg is traceless and so

Tr(XT9pX) = —Y'0yY;. (2.25)



Upon identifying Y; with U;, the WZ term above is the same as the usual SU(3) Landau-
Lifshitz one (R.14). Notice that we have also given an alternate parametrisation of the
SU(3) Landau-Lifshitz model in terms of X

, 1 ~
ﬁSU(3)/S(U(2) x U(1)) = ZTI“(XTaoX) - §T1“ [DlXTDlX] + A(XTX - 12) y (226)

which has an explicit SU(2) gauge invariance.
Finally, out of X and Y we may define a matrix which takes values in the SU(3) Lie
algebra
N'; =3Y'Y; — 6 = —3X;o X + 267, (2.27)
where a = 1,2. This matrix is however, not a general SU(3) matrix but rather satisfies the
identity
N2 =N +2. (2.28)

In terms of N the equations of motion take the form of the matrix Landau-Lifshitz equation

BN = —%[N,a%N] . (2.29)
These are equivalent to the consistency of the following linear problem
Lo = |8, - ——N|w=0 (2.30)
|77 dnx - '
i b
= |o, — N —- —[N,0|N =0. 2.31
My [6 422 47‘('1'[ ON]| ¥ =0 (2:31)

2.3 The SU(2,2|4)/S(U(2|2) x U(2]2)) model

In this sub-section we present an explicit Lagrangian for the complete PSU(2,2|4) Landau-
Lifshitz sigma model Lagrangian following the general discussion at the start of the present
section. The action we are interested in is the Landau Lifshitz model as defined in equa-
tion (R.4) on the coset

PSU(2,2|4)
PS(UR) x U22) (2:32)
or on the coset
SU(2,2/4) (2.33)

S(U(2[2) x U(2[2))
both of which have 32 real components. The derivation is very similar to the SU(3) La-
grangian derived in the previous sub-section, and so we will simply state our results. A
general group element g can be written as (X,Y) where now X (V) is a 8 X 4 superma-
trix, with the diagonal 4 x 4 blocks bosonic (fermionic) and the off-diagonal 4 x 4 blocks
fermionic (bosonic). The Lagrangian is then given by

| 1,
LLL PSU(2,24)/PS(U(2[2) x U2J2) = ZSTY(XTaoX)—§STF(D1XTD1X)+A(XTX—1) - (2.34)

Note that there are 32 complex degrees of freedom in X, which the constraints reduce to
48 real degrees of freedom. The action also has a local U(2|2) gauge invariance, so in total
the above Lagrangian has 32 degrees of freedom - the same as the coset.



In fact we may write X as

X = (U,,Vo,Ua, Vi), Xt = (o, ve,us, vy, (2.35)
where a = 1,...,8, and
Uev, = -1, VeV, = -1, VeU, =0, UV, =0, (2.36)
U, =1, VeV, =1, VeU, =0, UV, =0, (2.37)
U, =0, U, =0, VeU, =0, VWV, =0, (2.38)
UU, =0, Uv, =0, Veu, =0, VeV, =0. (2.39)
Above we have defined
Ut =upctt,  ve=vrete, U= -Upc*,  Vi=-Vrcoh, (2.40)

where C% = diag(—1,-1,1,1,1,1,1,1).

) ) ) ) ) )

The Lagrangian (R.4])) written in terms of Ua, Va, Uy, Vi is

‘CLL PSU(2,2\4)/PS(U(2\2)2) = —iU“@oﬁa - if/a@of/a - iU“@an - iV“@oVa
1 - -
—5 <81Ua(91Ua + VoV, +0hU*ohU, + 01 VoV,
U0, U000, — V0V, V0.V,
+VA LV, VP00V, + U0 U U0 U,
+2V90 U U0, Vi, — 2V 20,0, U0 Vi, + 200, U, U 01 U,
+2(?“81Vavb81(7b + 2‘7a({91Uan31‘~/b + 2‘7(181Vavb81‘~/b)
(2.41)
One can check explicitly that this action has local U(2|2) invariance
(Uay Vs Ua, Vi) = (Ug, Vi, Ua, Vo) U (7, 0) (2.42)
for U a U(2]2) matrix.

2.3.1 Subsectors of the the SU(2,2|4)/5(U(2|2) x U(2/2)) model

In the above Lagrangian we may set

U= (1,01, Vo=(0,1,0, Uy=(0%Us,....Us), Vo= (0%V3,...,VR),
(2.43)
where
vv, =1, ViV, =1, ViU, =0, U'v,=0. (2.44)
The resulting Lagrangian is that of the SU(2|4) sector. If we further set
0=U3=U4=V3=V,y, (2.45)



we can recover the SO(6) Lagrangian ([[[§]). Details of this are presented in appendix [B.
We may further consistently set

0=Us=Va=Va=Vs=Ve=Vs, TVa=1, (2.46)

in which case we obtain the SU(2|3) Lagrangian ([[19]), with the identification (Us,Us) =
(Y1, 42).

We may instead set

Ua:(0751), Va:(0671’0), Ua:(Uly"'>U6502)a Va:(vla"'av%)02)a

(2.47)
where
U, = -1, VeV, =—1, VeU, =0, U*v, =0. (2.48)
The resulting Lagrangian is that of the SU(2,2|2) sector. If we further set
0=U3=U4=V3=V,y, (2.49)

we recover the SO(2,4) Lagrangian, which is the Wick rotated version of the SO(6) La-
grangian ([1g]). In appendix [§ we write out this Lagrangian explicitly.
A final interesting choice is to set

U, = (07,1), Vo= (0,Va,...,V7,0), U, = (0,Us,...,Us,0), V, = (1,07,

(2.50)
where
Uev, = -1, VW, =1, VeU, =0, UV, =0. (2.51)
The resulting Lagrangian is that of the SU(1,2|3) sector. If we further set
0=Vo=Vs =Uy = Uy, (2.52)

we get the SU(2|2) Lagrangian. In appendix [B| we write out this Lagrangian explicitly.

3. Green-Schwarz actions and fake k-symmetry

in this section we construct GS sigma model actions whose field content are two real
bosons and 4,8 or 16 real fermions. These models all come from consistent truncations of
the equations of motion for the full Type IIB GS action on AdSs x S°.7 Just as any GS
sigma model these fermionic actions have a k-symmetry. However, we show that for these
models k-symmetry is trivial on-shell. As a result one cannot use it to reduce the fermionic
degrees of freedom of these models by fixing a k-gauge as one does in more conventional
GS actions.

Let us briefly recall the construction of the GS action on a super-coset G/H. We require
that: (i) H be bosonic and, (ii) G admit a Z4 automorphism that leaves H invariant, acts

"Other truncations including non-zero fermions were found in @, ] in the Metsaev-Tseytlin k-gauge.
The truncations considered in this section are found without fixing k-symmetry.



by —1 on the remaining bosonic part of G/H, and by +i on the fermionic part of G/H.
The currents j,, = ng@ug can then be decomposed as

=30+ + P+, (3.1)

where j*¥) has eigenvalue i* under the Z4 automorphism. In terms of these the GS action
can be written as

ﬁGS G/H = /d g\ — g‘“’Str( ( )) + e‘“’Str( (1 )3183))7 (32)

from which the equations of motion are

0 = Bu(v/=99°%7) = V=99 10,55 | +; 7 ([50.557] = [39.59]) . 6.3)
0= (v=g9°® + ) [i9,55] (3.4)
0— <\/_—gga6 aﬁ) [j((l>’Jé2)] (3.5)

3.1 Fermionic GS actions

Having briefly reviewed the general construction of GS actions on G/H super-cosets, we
now turn to the main focus of this section which is identifying GS actions with a large
number of fermionic degrees of freedom, which are consistent truncations of the full AdSs x
S5 GS action. To do this consider the following sequence of super-cosets

U(11) x U(1]1) U(2/2) c PS(U(1,1]2) x U(2]2)) c PSU(2,2[4)
U(1) x U(1) SU(2) x SU(2) SU(1,1) x SU(2)3 SO(1,4) x SO(5)
(3.6)
The C symbols are valid both for the numerators and denominators and hence for the

cosets as written above. Notice that the right-most of these cosets is just the usual Type
IIB on AdSs x S° super-coset. Further, it is easy to convince onself that each of the cosets
above admits a Z4 automorphism which is compatible with the Z4 automorphism of the
Type IIB on AdSs x S° super-coset. The Z4 automorphisms may be used to write down
GS actions for each of these cosets. The fact that the cosets embed into each other as
shown above in a manner compatible with the Z, automorphism implies that their GS
actions can be thought of as coming from a consistent truncation of the GS action of any
coset to the right of it in the above sequence. In particular this reasoning shows that the
GS actions for U(1]1)2/U(1)2, U(2[2)/SU(2)? and U(1,1|2) x U(2]2)/(SU(1,1) x SU(2)?
can all be thought of as coming from consistent truncations of the Type IIB GS action on
AdS5 X S5.

Counting the number of bosonic and fermionic components of the three cosets
U(1]1)2/0(1)2, U(2[2)/SU(2)? and U(1,1|2) x U(2[2)/(SU(1,1) x SU(2)? we see imme-
diately that they each have 2 real bosonic components and, respectively, 4,8 and 16 real
fermionic components - which is why we refer to these actions as fermionic GS actions. We
might expect that some of the femrionic degrees of freedom could be eliminated from the
GS actions by fixing xk-symmetry. In fact, it turns out that for these models x-symmetry
acts trivially on-shell and so cannot be used to eliminate some of the fermionic degrees of

,10,



freedom. Indeed, the GS actions on the above-mentioned cosets do have 4,8 and 16 real
fermionic degrees of freedom, respectively.

In the remainder of this sub-section we write down explicitly the GS actions for
U(2/2)/SU(2)% and U(1]1)?/U(1)? and discuss their x and gauge transformations; the
GS action for U(1,1|2) x U(2/|2)/SU(1,1) x SU(2)? may also be written down in an anal-
ogous fashion but since we will not need its explicit form later we refrain from writing it

out in full.

3.2 The GS action on U(2]2)/SU(2)?

The GS action on action on U(2|2)/SU(2)? can be written down in terms of the parametri-
sation of the U(2]2) supergroup-valued matrix written as

g=(X,Y;X,Y), (3.7)

where X, Y (X, Y) are four-component super-vectors with the first (last) two entries
Grassmann even and the last (first) two entries Grassmann odd. Since the matrix ¢ is

unitary we must have

1=X'X=Yy=XX=YY,
0=XY=YIx=X'X=XIX=XY=VTX
—viX=Xy=vly=vly =Xy =viX,
lop = XXT+YYT+ XXT+ VYT, (3.8)

where the matrix 1(gp9) is just the 4 x 4 identity matrix. The Z4 automorphism is given by

A B a2 0 —AT T o2 0
Q: M= (CD) %<0 ) (_BT _DT> (0 ) | (39)

which acts on the current as

-Yto,v xto,y -vto,y Xxto,y
vio,x -Xxfo,x vto,x -Xfo,x
vte,y -Xxto,y -vto,y Xto,v
-Yfo,x xt9,X vt9,X -X'9,X

Q(j,) = (3.10)

The Green-Schwarz action then is
1 %
LGS U(202)/(SU@2)xSU2)) = 5/6120 V99" ((XTauX +Y19,Y)(X10,X +Y19,Y)
(X190, X +Y19,V)(XT0,X + wm))
+2ie (X109, X710,V + Y19,y X19,x

~xto, vyt X - Xto,yvio,x) . (3.11)
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One can easily check that this action has a local SU(2) x SU(2) invariance which acts on

the doublets (X,Y) and (X,Y). The action also has rk-symmetry which acts on the fields
8

as

5. X = —X(61+6&) - f/( + é2)

5HY ZX(GQ — 62) — ZY/( )

5,@X = X(61 + 61) + ZY(E g )

6.Y = X(ex + &) —iY (6 — &), (3.12)
where

e = NP (XT0.X + YV10,Y + X109, X + YT,V )k, 5
& = (X109, X + Y19,V + X109, X + V19,V )7, 5, (3.13)

for i =1, 2 with x; g and k; g local Grassmann-odd parameters. The world-sheet metric
also varies as

5:(v/—gg*®) = Y @ﬁ(}?fayx — Y10, V) +ry , (VIO X +iY10,X) + c.c.) taef
I (kf,(f(*a,yx +iYT0,YV)+i _(Via, X —iv (%X)—{—C.C.) taog.
(3.14)

Notice that the above variation is consistent with the symmetries and the unimodularity
of \/—gg*® as long as
=%k 5, R =T"F 4. (3.15)

In the above formulas we have decomposed two-component vectors v, as
v§ =105 = % (\/—_ggaﬁ + eaﬁ> vg. (3.16)
3.3 The GS action on U(1]1)%?/U(1)?
To obtain the GS action on U(1]1)2/U(1)? we may simply set
0=X3=Y, =X, =Y>. (3.17)

in the action (B.11]). This is because now the group element g given in equation (B.7)
belongs to U(1]1)?2 C U(2[2); this truncation is also consistent with the Z, automor-
phism (B.9). As was argued at the start of this sub-section these facts imply that setting
the above components to zero is a consistent truncation of the equations of motion for the

8The k-action below has the nice feature of acting as a local fermionic group action by multiplication
from the right. Such a representation was originally suggested in [@] and was developed more fully for the
AdSs x S° GS action in [@], the formulas below are a simple extension of this latter construction to the
coset at hand.
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action (B.11). The GS action for the truncated theory then is

1
Lasunz/ua? = 3 / d*o /99" <(XT8MX +Y10,Y)(X19,X +Y19,Y)

~(X19,X +V19,7)(X0,X +V19,7))

—2ie (X10,Vv10,X + X9, yV19,X) . (3.18)

It has two U(1) gauge invariances
X —ehx, Y oehy, (3.19)
X — %X, Y ey, (3.20)

as well as k-symmetry which is simply the restriction of equations (B.19) and (B.14).
If we parametrise the group element g = (X, Y, X,Y) € U(1|1) by

X = <e“/2 <1+%w2>,0,0, —e—m/%L), Y = <0, et/? <1 + %n2>,—e_i“/2ﬁ,0>, (3.21)

X = <0, et/2y, e—ie/? (1 - %772),0), Y = <e“/2qp,0,0, e~ie/? <1 - %zp?)), (3.22)

where 1)? = 1)7p and n? = 7, the action (B.1§) becomes

Las unyz/ua)? = /dQU\/ﬁg‘“’ <—3p¢+3u¢f +i0up 1M Oy’ — 3u¢+3u¢+77i?7z)

_E“Va,uQSJr (771 81/ 2 — "71 al/ 772) ) (3'23)

This action was postulated in [Rg] to be a consistent truncation of the full Type IIB GS
action on AdSs x S°, by checking the absense of certain cubic terms in the latter action,
using an explicit non-unitary representation for PSU(2,2|4). Here we have shown that
on group-theoretic grounds this action is indeed such a consistent truncation, and have
obtained its form using a unitary representation of the group.

On the local coordinates defined above k-symmetry acts as
5 = € 5t = —da =i (n'e; + mi€’) . (3.24)

In particular notice that d¢. = 0. The parameters ¢; are not however free, instead they
are given by
i

5 (m Dol + iBnd_ + inim(?agmr) K (3.25)

€ =

Above k¢ are complex-valued Grassmann functions of the world-sheet; their complex con-

jugates are denoted by x**. We will also require that the metric vary under x-symmetry
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as

5(v=g9"?) = -3 KO PO (—mdyby — in0,04 + 2i0ym + 20,7°)
+K aPﬁ (= av¢+ + 120y — 22'67771 + 20,12)
7(771&/¢+ — iy — 2i0ym + 20y1%)
e Y0100 + iy + mw + 287772)]

+ie®? <’f§&/772 + Ko &,171 - “6187772 - “6287771)

1
—560‘“’87¢+ <f€f?72 + /-65771 + kP2 4 kP2 1)} . (3.26)

where a(@b%) = a®b° + aPb® and
a i A e a 1 ~Q a
K1 :5(’% - K )7 Ka :5(’% tr )7 (327)

with the complex conjugates defined as ! = & and &' = . The above variation of the
metric is symmetric and since \/—gg®® has unit determinant (is uni-modular) we require
that

= P¥ry, = PRy, (3.28)

Using the above formulas one can check that the action (B.23) is indeed invariant under
this symmetry. However, as we show below this local symmetry is trivial on-shell.

3.4 Fake k-symmetry

In this sub-section we show that k-symmetry acts trivially on-shell on the fermionic GS
actions studied in this section. To see this most easily we will first consider the particle
limit (in other words we remove all o dependence of fields) for the action Lqg yj1)2/u(1)2-
This gives

Lpicte == [ dre o (- + ot — il — i) == [dreVoia, (329
where for convenience we have defined”
= (qiL + by’ — i) — mim) : (3-30)
Setting e = constant, we may solve the the ¢, ¢_ and n; equations of motion to get

¢ = 2KT, o = AT, ;= e_imn(]i, (3.31)

9As an aside note that the fermion index ¢ can now run over any number and is not restricted to i = 1,2
as is the case for the super-string. This is quite typical of k-invariant particle actions.
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where k, A\ (respectively, 79;) are complex constant Grassmann-even (odd) numbers.'?

Finally, we turn to the equation for the einbein e which reduces to
KA =0. (3.32)

or in other words forces us to set either x or A to zero. As a result the theory consists of
two sectors, one with k = 0 and the other with A = 0. The former sector is trivial and
uninteresting as all fields apart from ¢_ are constant and the energy is zero. The physically
more relevant sector has A = 0 and k # 0.

Let us now turn to the x invariance of the action (B.29). It is easy to see that this
action is invariant under

5¢+ = 05 6772 = aRkj, 6¢* = Za(nz"{z + 772’{@) )
S(e™") = 2i(0' ki + 0ik') + by (' ki + mik') (3.33)

where k; are arbitrary Grassmann-odd functions of 7. Since we are free to pick the param-
eters k; one might think that we could simply gauge away the femrionic degrees of freedom
using this symmetry; had the x variations been of the form

5771 = Ki,

we would have been able to gauge away the fermions. In fact this is not the case: the s
variation of the fermions instead reads

on; = ak;, (3.34)

From the equation for the einbein e we see that in fact a = 0 (in the physically important
sector for which k # 0 as discussed above) and so on-shell the above x symmetry acts
trivially on all fields except the einbein itself. But any x variation of the einbein e can be
compensated for by a diffeomorphism. We conclude that while the actions (B.29) and (B.13)
formally have a k-symmetry, this has a trivial action on-shell and so cannot be used to
eliminate any fermions.

The argument in the above paragraph relies on the fact that on fermions k-symmetry
was acting as 07; = ak; and on-shell a = 0. Returing to the fermionic GS superstring
actions discussed in this section we see from equation (B.13) that here too xk-symmetry acts
as 01); = Qstringi, Where now

astring = (X190, X + Y10,V + X109, X +Y19,Y). (3.35)

It is easy to check that because of the Virasoro constrains astring is also zero on-shell. We
conclude that the x-symmetry of the action (B.23) is trivial on-shell and so cannot be used
to eliminate any fermions.

10Tn the above solution we have, without loss of generality, set the constant parts of ¢, and ¢_ to zero.
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4. Large charge limits of fermionic GS actions

Given a Z4 automorphism on some coset G/H we may construct a Green-Schwarz La-
grangian for it (B.9). On general grounds the large charge limit of this Lagrangian should
be a generalised Landau Lifshitz sigma model. Further, since we expect the global charges
of the two actions to map onto one another, this LL sigma model should be constructed
on a coset G/ H. In this section we will attempt to identify H.

One step in this direction is to count the number of degrees of freedom that the GS
action has and compare it with that of the LL model. For example in the case of the Type
IIB superstirng on AdS5 x S° there are 10 real bosonic degrees of freedom, and there are
32/2 = 16 fermionic degrees of freedom (where the factor of 1/2 comes from x symmetry).
In the large charge limit two of the bosonic degrees of freedom are eliminated; the remaining
eight are ’doubled’ since the LL Lagrangian should be thought of as a Lagrangian on phase
space. The 16 fermions are described by coupled first order equations. When taking the
LCL we integrate out half of the fermions, in order to arrive at second order equations [[L],
leaving us with 8 real fermionic degrees freedom; as in the case of the bosons this should
also be 'doubled’, leaving us with 16 fermionic degrees of freedom. At this point we may
simply guess what H is in the case of G = PSU(2,2[4), since the only coset of the form

G/H with 16 bosonic and fermionic degrees of freedom each is
H = PS(U(1,1]2) x U(2/2)), (4.1)

though of course in this case H is well known from gauge theory.
Let us persue this counting argument further and consider the GS action on
uvap? (4.2)
U(1)?
This is a sub-sector of the classical GS string action on AdSs x S°. It has 2 real bosonic
degrees of freedom and 4 real fermionic degrees of freedom. As was shown in section B.4,
k-symmetry in this case is trivial on-shell, and so, following the counting argument in the
previous paragraph,'! we expect the LL sigma model corresponding to the LCL of this GS
action to have 4 real fermionic degrees of freedom and no bosonic degrees of freedom. The
only such coset is
U(11)?

S (4.3)

in other words H = U(1)*.

"For the bosons we subtract two real degrees of freedom in the LCL and double the remaining ones. In
the present case this gives 2 x (2—2) = 0 d.o.f. For the fermions, the number of d.o.f. in the LL sigma model
should be the same as that of the GS string once k-symmetry is fixed. This is because, once k-symmetry
is fixed, we halve the number of d.o.f. since the GS action gives first order differential equations, and the
LL action gives second order differential equations; we then double it because the LL action is an action on
phase space. In the present case, since k-symmetry is trivial on-shell we end up with 2 x 4/2 = 4 fermionic
d.of.
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Similarily, we may consider the bigger sub-sector of the full classical superstring on

Ad55 X S5
U(2)2)

SU(2)2°

for which k-symmetry is also trivial on-shell. This sub-sector has 2 bosonic and 8 fermionic

(4.4)

d.o.f. As a result we expect the LL sigma-model to have no bosonic d.o.f. and 8 fermionic

d.o.f. Again this is enough for us to identify
U(22)
U2

(4.5)

as the coset on which the LL sigma model is constructed. Finally, the largest classical
sub-sector of the GS string action on AdSs x S° for which sk-symmetry is trivial is the GS
action on

PS(U(1,1]2) x U(2[2))
SU(L, 1) x SU(2)®

By our counting argument the corresponding LCL coset should have 16 fermionic and no

(4.6)

bosonic d.o.f. As a result, the LL sigma model which corresponds to the LCL limit of the
GS action on (U(1,1]2) x U(2]2))/SU(1,1) x SU(2)? is constructed over the coset
PS(U(1,1]2) x U(2]2))
U(1,1) x U(2)3

(4.7)

While this counting argument shows how to identify H, it is not very clear how the
LCL should be taken in practice and in particular how starting from a GS action one
arrives at a LL action. The rest of this section will address these issues in the three cases
of G = U(1]1)?, U(2]2) and U(1,1|2) x U(2[2). We will restrict our discusion to the
leading order term in the LCL and leave the matching of sub-leading terms to a future
publication.

4.1 Matching the U(1|1)? sub-sectors

In this subsection we will argue that the large charge limit of the Lagrangian given in
equations (B.1§) and (5.23) which describes the Green-Schwarz string on the coset

u{n?
is given by the Landau-Lifshitz Lagrangian on the coset!?
u?
SR (4.9)

We will first arrive at this result in a very pedestrian way. Since general solutions to both
the LL and GS cosets can be given explicitly in full generality we will write them down
using unconstrained coordinates. On the GS side,

by = KT, (4.10)

12This is somewhat different to the comparison between gauge and string theory done in (@]) where it
was argued that on the gauge theory side the coset should be U(1|1)/U(1)>.
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the general solution takes the form

o
m = Z eino (eiwnTw,J{ _i_efiwnﬂ—wg) 7 (4.11)

n=—oo

where ¢ are constant Grassmann-odd numbers, and

wp, = /n?+K2/4. (4.12)
192 is completely determined via the equation of motion

, K
Do = 10:m' — 5771 . (4.13)

In the LCL we take Kk — oo in which case we have

o~ i oino <ez(n/erM/,@)Tw:Lr n efi(n/2+n2/n)7—1/};>

n=—oo

oo
_ eifvr/Q wat +Zein27/n( :eina +¢+n€_ina)]
n=1
0o
. g . .
_|_efzm-/2 wa + Z e~ T/K (w;elno + w_nelno)]
n=1
= T2y L+ e T Py 1, (4.14)

where ;1 11, and v, 11, are the 2 complex fermionic d.o.f. for the LL sigma model on (see

equation (R.15))

U(1)1)?
4.15
U(1)4 (4.15)
In particular, after rescaling 7 — k7, they satisfy the equations of motion
0= (92 —1i0;) 1211 (4.16)

In this way we match, to leading order in the LCL, the classical string Lagrangian with
the corresponding coherent state continuum limit of the gauge theory dilatation operator
in the U(1]1)? sub-sector.

Notice that physical string solutions have to satisfy the level-matching condition

2m
01— =2mm, forme Z. (4.17)

0
The winding parameter m does not, however, enter the LCL Lagrangian Rather, it gives a
constraint on its solutions. This matches the spin-chain side where m enters as a constraint
on the Bethe roots, but does not enter the algebraic Bethe equations or the LL sigma-model
action. This feature is very similar to the SL(2) sector discussed in [B(].
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4.2 Large Charge Limit of fermionic GS actions

In this section we re-phrase the above discussion in terms of the embedding coordinates
X, Y ..., and the currents j,(f). This allows for a straightforward generalisation from the
U(1[1)? sub-sector to the U(2|2) and U(1, 1|2) x U(2|2) sub-sectors. We present the explicit
discussion only for the case of U(2|2), but the other case follows almost trivially.

The first thing to note is that the equation of motion for one of the two bosonic fields,
¢4, is particularily simple in the GS models presently considered. This can be obtained as

the super-trace of equation (B.J). As a result we may set
X9, X +Y10,Y - X19,X —Y19,Y = ikd,, 0. (4.18)

Using this, in conformal gauge the equation of motion for the off-diagonal component of
the worldsheet metric implies that

Xto,x +Y'9,Y + Xto,X +YT9,Y =0, (4.19)
while the fermionic equations of motion (B-4), (B-H) reduce to'3
0=r(® =i +...,  0=r(GW+iM+.... (4.20)

As a result of these relations the WZ term does not contribute to the bosonic equation of
motion (B.3)).!* This fact allows us to check explicitly that the bosonic equations of motion,

together with the ansatz (4.1§), are consistent with the equations of motion for the metric

9w in conformal gauge. In fact these Virasoro constraints then imply that
K - K

5 s Dll/a = _5!’6705 . (4.21)

As in the discussion around equation (f.17) above, the level matching condition that follows
from the Virasoro constraints does not enter the LCL action.

Using equations ([L.1§), (-19) and (f20) together with a rescaling 7 — &7 we may
re-write the GS Lagrangian in conformal gauge as follows

Las v suee = 1St 55) + e Str(i0 55

= (X19.X + Y19,y - X19,X - V14,7

Dyt =10,

x (X70,X + Y19,y + X19,X + V1,7
—28tr (j15)
- z’(XTaTX+YTaTY+XTaTX+WaT?) - STr((jf,l)+jg3>)(jgl>+jg3>))

= Ly, u@ep)/u@)? (4.22)

3In terms of X, Y, X’, Y this implies that we have relations of the form

X0,y =iX'0,vY, X0,y = —ix'8,Y, etc..

MThis is easy to see since the WZ term’s contribution to these equations is proportional to [ '9) ,j((,l)] —

o _ (3) _ (3)

[jﬁg) , j((,g)]A However, since j 55" and j¥ = 4§ each of these commutators vanishes seperately.
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The right-hand side of the above equation is nothing but the LL sigma model Lagrangian
defined on G/ H, where H is fixed under the Zs automorphism which is the square of the
Z 4 automorphism used in the construction of the GS action. We have thus shown that to
leading order in the LCL the fermionic GS actions constructed in section 3 above reduce to
LL sigma model actions in the manner anticipated by the general argument presented at
the start of the present section. It would be interesting to consider sub-leading corrections
to this LCL for example in a manner similar to [[[3].

4.3 A gauge-theory inspired x gauge

The GS sigma model on AdS5x S° has k-symmetry. This, as well as other symmetries of the
string action, such as world-sheet diffeomorphisms, are not manifest in the corresponding
spin-chain simply because this latter system keeps track only of the physical degrees of
freedom. One of the challenges of defining a LCL is to identify suitable gauges for these
stringy symmetries in which the physical degrees of freedom are written in the most natural
coordinates for the spin-chain: while all gauges should be in principle equivalent it may
be much more difficult to define a LCL between the two theories if we pick an unnatural
gauge. In the previous sub-section we have defined an LCL which matches all 16 fermionic
degrees of freedom from the GS action to the corresponding LL model in a very natural
way. This strongly suggests what r-gauge should be used in the full AdS5 x S° string
action when comparing to gauge theory. Specifically it should be the gauge which keeps
non-zero the 16 fermions of the coset PS(U(1,1]2) x U(2[2))/(SU(1,1) x SU(2)3). In fact
this is the gauge used recently in [BI]] and the above argument can be interpreted as one
motivation for their k-gauge choice.

5. Conclusion

Over the last few years our understanding of the gauge/string correspondence has been
greatly improved by using the Large Charge Limit. In this approach, the reciprocal of a
large charge is employed as an expansion parameter that gives a handle on the two sides
of the duality. One may compare the anomalous dimensions of gauge invariant operators
with the energies of corresponding string states - this is done most efficiently by comparing
the string Lagrangian in a suitable LCL with the thermodynamic limit of the spin-chain
Lagrangian used to compute gauge theory anomalous dimensions. In the first part of this
paper we presented a construction of a general Landau-Lifshitz sigma model on a coset
G/H. On general grounds one expects that the energies of states in the LL sigma model
correspond, in the thermodynamic limit, to the anomalous dimensions of the one-loop gauge
theory dilatation operator. We applied this construction to give an explicit Lagrangian for
the thermodynamic limit of the complete one-loop dilatation operator of N'=4 SYM.
Using this construction we matched, for the first time, fermionic parts of the string and
spin-chain Lagrangians beyond the quadratic level. In order to match the LL Lagrangian
with the LCL of the GS string action, we identified a suitable k-gauge for the GS action
in which the comparison is most natural. While all x-gauges should in principle be equiv-
alent the presently chosen gauge does not require any complicated field redefinitions when
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matching the fermions in the string and spin-chain Lagrangians, making such a comparison
possible.

The above-mentioned choice of x-gauge was identified in the following way. The GS
action on AdSs x S° has, at the level of classical equations of motion, a number of consistent
truncations; these include the well-known truncations to various purely bosonic AdS, x S9
subsectors as well as AdS), x SP super-string sub-sectors for p = 2, 3. In the present papers
we identified a number of new sub-sectors, whose field content is that of two real bosons
(which one can think of as AdS; x S') and 4,8, and 16 real fermions. What is more, we
have shown that on these sub-sectors k-symmetry acts trivially on-shell, as a result one
is indeed left with 4,8, and 16 physical fermionic degrees of freedom in these sub-sectors,
and the issue of fixing a x-gauge does not arrise. We then showed how to match in the
LCL these truncated GS Lagrangians, including higher-order fermionic terms, with the
corresponding LL Lagrangian constructed earlier in the paper.

The dual theories have 16 real physical fermionic degrees of freedom which we have
matched with one another in a straightforward way. This allows us to identify the xk-gauge
for the GS action on AdSs x S° most suited to the dual gauge-theory description. Namely,
it is the gauge which keeps those 16 fermions which form the largest of the fermionic sub-
sectors we have identified. We intend to extended this comparison to the complete one-loop

Lagrangians, including higher-order mixed bosonic and fermionic terms in the near future.
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A. Some examples of Landau-Lifshitz sigma models

In this appendix we collect some expressions for a number of relevant Landau-Lifshitz
sigma models.

A.1 The SU(2[3)/S(U(2|2) x U(1)) model
The SU(2|3) sub-sector sigma model Lagrangian is [L§]

TTE .o 1 1= a 7 a
ﬁLL SU(2|3) — —iU"0:U; — iy ar"/}a_ §‘D0Ui‘2 - §Daw Dawa'i‘A(UiU +1hap® — 1) ’ (Al)
where
D,=0,—iC,, D,=0,+iC,,  C,=—iU'd,U; —it)"0ptba, (A.2)

and ¥ = ¢ and a = 1,2.
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A.2 The SU(4)/S(U(2) x U(2)) model
The SO(6) ~ SU(4) sub-sector sigma model Lagrangian is [[[§
Lr1 su@) = Lsu@) wz — %TT((%m)z - 3—12Tf(m31m)2 + A(m —m?®)
— ViV, — %|D0v;-|2 AL VIV, — 1)+ Aa(ViVi — 1) + AS(VIVE — 1)(A.3)

where m;; is a 6 X 6 matrix, related to V; by

mij = ViVl = V;V', (A.4)
and
D, =0,—iC,, C,=-iV'd,V;. (A.5)
Let us define 1 1
MAB = §mijpijAB R mi; = Ztr(Mpij) , (Aﬁ)

where p are the usual SU(4) p-matrices. Notice that
™M =0, M =M, M>=M. (A7)
and so we can write it as
M=2xx"—1=—2vyf+4+1, (A.8)
where now X and Y are 4 x 2 matrices which satisfy

XTX =15, YTY =15, X'y =o, YIX =0, (A.9)
XXT4+vyl =14. (A.10)

Further we can write the 4 x 2 matrix X as two four-component vectors u4 and v
X = (ug,v4), (A.11)
in terms of which M4 g can be written as
Mg = 2utup + 20%vp — 04, (A.12)

with

uAqul, v =1, u vy =0. (A.13)

We can relate u4 and v to V; by

1 4 1 .
Vi= ﬁ“APZABUB, Vi= —vapPup. (A.14)

V2

It is an easy check to see that these are consistent with

ViVi=1, ViVi=0, MAg=VVipiiy. (A.15)
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In terms of these, the Lagrangian is

. . 1
L1y su) = —iudoua — ivova — 3 (31u‘481u,4 + vl diva

—i—uA@luAuB@luB + vAalvAvBalvB + 2uA81vAvB(91uB>

1 _
= —iTr(XT9pX) — §Tr(D1XTD1X), (A.16)
As before
t ut
X = (ua,va), X' = a4l (A.17)
v
DX =0,X - XX'9,X. (A.18)

The action ([A.16) has a local U(2) invariance

X — XU(r,0), (A.19)
for U(7,0) a general U(2) matrix
Ul(r,0)U(t,0) = U(r,0)U' (1,0) = 15. (A.20)
In terms of the u4 and v, the action ([A.16) is invariant with respect to the following local
transformations
(ug,v4) — (cos@(r,0)us +sin@(r,0)va, —sinb(r,0) ug + cos(r,0)v4),
(wa,va) — (€910 Duy, 910y y)
(wa,va) = (€T uy, ey ),
(ua,va) — (€93, —e 3TNy 4 (A.21)

A.2.1 Subsectors of the SU(4)/S(U(2) x U(2)) model

When written in terms of the V;, the Lagrangian Lgy(s) can be reduced to the SU(3)
sub-sector by requiring

1
—U*, a=1,2,3, A.22
5 (A22)
which can further be restriced to the SU(2) subsector for V3 = 0 = V. In terms of the ua
and v4 this restriction is easily enforced by setting for example

V2a _ _,L-VQa—l =

ug = (U1,Us,Us,0), va = (0,0,0,1). (A.23)

Since U,U® = 1, this choice satisfies the constraints (JA.13). Restricting to the SU(2) sector
is achieved by setting us = Us = 0. Upon inserting these ansatze, the Lagrangian ([A.14)

reduces to the Lagrangian (P.16).
Another interesting sub-sector is obtained by setting

UApA = (UI,UQ,O’O), VA = (050,‘/3"/21)7 (A24)
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together with the conditions
Ul + U0, =1, VIV + VL =1. (A.25)

This results in SU(2)xSU(2) subsector consisting of two decoupled SU(2) Landau Lifshitz
Lagrangians.

A.3 The SU(2,2)/5(U(2) x U(2)) model

For later convenience we present here the SO(2,4)/S(0(2) x O(4)) ~ SU(2,2)/S(U(2) x
U(2)) Landau-Lifshitz Lagrangian

1
L11 su2) = —iV'oV; — §’D0Vi‘2
1
— iy — i02ByT 4 — 5 (alaAalaA T 8,5%0,04

@A PO — A0 D ADP O tus — 211A8117A17361ﬂ3>

~ ~ 1 _ o~ ~
= iTr(XT9pX) + §Tr(D1XTD1X) : (A.26)
where
Vi= Vit where  n;; = diag(—1,—1,1,1,1,1), (A.27)
and
at =axcPh, A =05CP4,  where  Cup=(1,1,-1,-1). (A.28)

The 4 x 2 matrix X has two columns

X = (g, 04), (A.29)
and the covariant derivatives are
Duv’i = 8M‘7Z + Vjauv’]f/z ) (A30)
DX = 8,% — XX10,%. 31)
We define
- a4
XTE—<~A>. (A.32)
]

This is done for convenience, so that the form of the action in terms of X is independent
of the signature. The fields in the Lagrangian (A.26) now satisfy the constraints

XTX =1,, (A.33)
Vi, = —1, V=0, (A.34)
itag = -1, Moa=-1, aloa=0. (A.35)

The action (JA.26) has a local non-compact U(2) invariance

X — XU(t,0), (A.36)
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for U(r,0) a general U(2) matrix

Ul(r,0)U(t,0) = U(r,0)U' (1,0) = 15. (A.37)
In terms of the @4 and ¥4 the action (JA.2§) is invariant with respect to the following local
transformations
(Ua,04) — (cos@(r,0) s +sin@(r,0) 04, —sinb(r,0) s + cosb(r,0)04),
(ia,54) — (9 TU)UA P19 54),
(@ A,UA) — (9209 gy, o721 ) |
(iia, 5a) — (€93, —e3(miiy) (A.38)

To relate the Vi coordinates to the %4, 04 coordinates recall that the SU(4) p matrices
could be combined into 8 x 8 v matrices of SO(6) as follows

j 0 pup :
71:<piAB 0 , i1=1,...,6, (A.39)
with the v satisfying the SO(6) anti-commutation relations
{~',+} =257 (A.40)
The SO(2,4) y-matrix algebra is instead
(59,59} = 29 . (A.41)
Given a set of SO(6) v matrices we can define
) i i =1.2
yi=37 o (A.42)
', 1=3,...,6,
which satisfy (JA.41)). Similarily we will define
p pAB’ i:1727 and ﬁZAB: pZAB’ ’i:1727
AB iplyg i=3,...,6, iptAB | i=3,...,6
(A.43)
which now satisfy
PP + P B = ~265, (A1)
as well as
niiPapd’ " = 2(0465 — 646%). (A.45)
Note also that for SU(4) p matrices we had
(Pap)* = —p"7, (A.46)
while for the SU(2,2) p matrices we have
(Pap)* =n"p 7. (A7)
The relationship between the ¥4, %4 and the f/z is
. 1 . -1 A
Vi = —=a’ gy 50", Vie —o40"Bug. A48
i = 5 Pan N R (A.48)

This can be used to derive the equality between the first and second lines in equation (A.24).
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A.3.1 Subsectors of the SU(2,2)/S(U(2) x U(2)) model
When written in terms of the V;, the Lagrangian Ly, su(2,2) can be reduced to the SU(1,2)
sub-sector by requiring

1
V2
which can further be restriced to the SU(2) subsector for V5 = 0 = V5. In terms of the 4
and ¥4 this restriction is easily enforced by setting for example

‘72(1 _ _,L-V2a—1 = Ua’ a = 1,2’3’ (A49)

iy = (U1,03,U3,0), &4 =(0,0,0,1). (A.50)
We require
3
> U0, = -1, (A.51)
a=1

so as to satisfy the constraints (|A.3%). Restricting to the SU(1,1) sector is achieved by

setting @3 = Us = 0. Upon inserting these ansatze, the Lagrangian (A.26) reduces to the

standard SU(1,2) Landau-Lifshitz Lagrangian [[L§]
| . .
Lsy(i2) = —iU" U, — §]D0Ua\2 +AUU, + 1), (A.52)
with a = 1,2,3 and U® = n“bﬁg.

A.4 The SU(2(2)/S(U(1]1) x U(1]1)) model

Lets construct the LL model on SU(2[2)/S(U(1[1) x U(1|1)). Starting from equation (R.4),
with Tr now replaced by STr we may define

9=(XY), (A.53)

with X and Y super-matrices which satisfy

1
Xfx=1,, vivy=1,, Xxxt4+yvyf= ( 02 10 ) : (A.54)
2

The LL Lagrangian for this model is then

9 1, O _ 1 _ _
L1y, suee) = §ST1" ( >9 1309] - ZSTY ((97'D19)(g ' D1g))

0 1
= iSTr(X19pX) — %STr [D1XTD1X] , (A.55)

where
DX =X -XXT0,X. (A.56)

The bosonic base of SU(2|2) is SU(2)xSU(2), where in the case of interest to us we write

X = (tg,v4), A=1....,4, (A.57)
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with
Ty 1,  vhug=1, (A.58)

and

~A
it = an0BA, pAz=enoBA, xt=- <“A> , (A.59)
v

where CP4 = diag(—1,—1,1,1). Note that the first (last) two components of uy (v4) are
bosonic and the last (first) two components of u4 (v4) are fermionic.

Lip sup) = —itdgiia — v 0pva — %(alaAalaA + 81048, 04
— @481 iaaBovip + vAOwavBouE + 2&A810Av381&3) . (A.60)
The action (JA.60) has a local non-compact U(1]1) invariance
X — XU(1,0), (A.61)
for U(r,0) a general U(1|1) matrix

Ul(r,0)U(r,0) = U(r,0) U (1,0) = 15. (A.62)

In terms of the 4 and v4 the action ({A.60) is invariant with respect to the following local
transformations

A +va01(T,0),v4 + Upby(7,0)),
A — iUAHQ(T, O’), vaA + Z'QNLAHQ(T, 0’)) s
6i¢1 (7_70')&14’ ei¢1 (Tva)/l)A) ,

(i62(T) ) omita(mo)y ) (A.63)

where 11, 1y (61, 02) are real Grassmann-even (-odd) valued function.

B. Quantising the action (B.18) in the t + o = k7 gauge

Given the simple form of the action (B.1§), (B.23) we present a brief light-cone quantisation
of it here. The main point is that, as expected, the Hamiltonian has a non-zero normal
ordering constant (B.1§).

Since the equation of motion for ¢4 is

0 =04 (V99" 0u94) (B.1)
we may impose conformal gauge (g, = 7)) and set
G = 2KT . (B.2)
The fermionic equations of motion then reduce to

0= (180 + Ii)?]i + (9177]' , (B.3)
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where ¢ # j. The fermionic fields have the following periodicity conditions
m(7,27) = e (7,0), ma(7,27) = e i (7,0),

The fermionic equations of motion then are solved by

m = i anei(na-‘rwn’r) _i_énei(na—wn’r)’

n=—oo
o
Ny = Z gne—i(na—l—wn’r) + gne—i(na—wn’r) ’
n=-—00
where
2
wy, = A\/n?+ —
n 4 bl
and for n # 0
é: ik §n7 é: — gna
Wn + K Wn — K
while for n =0
0 =6y =&

The Virasoro constraints can be used to find ¢_ in terms of the other fields

T, K
0= 80¢—+§77i8077 =5 s
Ty
0= 51¢—+§77i5177 .

The Nother current for time translations ¢ — ¢ + € is

¢ a7 i v 97 157, 2
Jp = —Ouby — Ou— + i O’ — 20u01m'n; — € (7713u772—n 0u77) :

We can use the equations of motion to write the Hamiltonian of the system as

1 4 7 —
H,=—-—— [dojy=2k+— [ don; Oon" .
2 2m

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

The canonical momentum conjugate to 7; is 4ixn’ and so upon quantisation we must

have

{ni(T,O'),nj(T, J')} = —41—I{5§»6(J — J') .

(B.14)

As a consequence the mode oscillators have the following non-zero anti-commutators

{6 = bumr L 8} =

" 6mkwy, | " 6mkwy, |
together with
_ 1 =~ 1
{€,60} = —— {90,90} =—c—

87k’ 8k’
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with all other anti-commutators equal to zero. With the convention that &,, én, & and 6y

are the annihilaiton operators the normal ordered expression for H, in the quantum theory

is

H, = 2”(5050 + 9:050) + 4ng ( &nén + gngnl%) + a .

w K Wn —
n£0 n + n

The normal ordering constant a, is
1 o0
= 2
The remaining non-trivial bosonic Nother current for the rotations
m—en, o — e,
is
c 1 2 v 2.1
Jp = Oubr(mn —nan”) + 2in,"0y¢4 (nam +n"n°) .
The corresponding normal-ordered conserved current is
c_ K 2 1
J=—— [ doj5= ;/da(ngn —mn)

Enfn  Enkn ) |

Wn — K Wp+kK

— 260 — 2k€o€0 + Z Wn <
n#0

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

In this case the normal ordering constant is zero. Since ¢_ is periodic in ¢ we require that

27 21 - .
0= / dodip_ = z/ don; 01",
0 0

In the quantum theory this is equivalent to the level matching requirement

0= Zn Wn, < fnin - winf—n/{> | physical ) .

n

Finally, we may compute the four non-zero supercharges
2
, do o—in do =
= = T—n = k0O
Ql Z/O Q04 27_‘_77 KOo ,
2
_ do —IKT do 2 -
QZ—Z/O o Qog—"% 2777 = Ko,
2m
~ . do Ldo ~
QlEZ/ Qo1—"<ﬂ€ 2—77121‘4907
0
ngi/ QOQ—"% —772:ff§0a
0
The above (super-)charges form a U(1]1)? algebra and in particular we find

[He, /] =0, {QuQs} = —5-0ij.
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C. Comments on conformal invariance of the action (B.18)

In this appendix we entertain the possibility of using the action (B.1§), (B-23) as a Polyakov
string action. As a warm-up let us integrate out ¢_ in the action (B.23). We arrive at an
effective action for the fermions in which we may set

Oy = 2KT. (C.1)
Explicitly we then have
2 . a7 g i a7 197 2
Log = (—k) | d°oin;Oon" — 260'n; + m O1ma —n 01 n° . (C.2)

We may represent the worldsheet gamma matrices as

~10 0 —i
p0:< 01)’ pl:(—i 0)’ (©3)

and define a world-sheet Dirac spinor as

wa:<n§> ) a=1,2. (C4)

The conjugate spinor is then
Yo = (10")a = (=" m2), (C.5)
and the effective action may be written as
_ 2 T s _
Leg = (—k) [ d°oidkp* 0,9 + 2691 , (C.6)
where
T a9 T a im, G
Yp ;ﬂp =p ;ﬂ/} - 8;ﬂp'7 Y. (C.7)
This is simply the Lagrangian for a worldsheet Dirac fermion of mass 2x. Since such

fermions are not conformal, we get the first indication that the Lagrangian (B.1§) is also

not conformal.

Q

With the above definitions for p®, 1, and 9, we can re-write the action (B.18) as
£ [ doy=g (506,00 + iekip" 9+ 2mi) (C8)

where

. (WM, j__gewaym) | (C.9)

We have written the above expression in the form of an inverse zwei-bein; we will see
shortly that this is indeed justified. The corresponding zwei-bein is

ez = (au¢+ ) Euuay¢+) > (C.lO)
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and the metric is 1

G = eZegnab = G- (C.11)
Above

m = g“V8M¢+8V¢+ = \/—GMV3M¢+3V¢+ ) (C.12)

is the norm of ¢4, which needs to be non-zero. For completness note that the determinant
of the metric and the zwei-bein are

g _ a vV —9g
G det G“l, = W 5 e = det(eu) = —T . (013)
Rescaling fermions in the action (C.§) b
Y — m_l/zw, (C.14)
gives
2 v 1 p7oay” 7
L= /d ov—g <g“ 0y 0y b + im el Pt B, +2¢¢) . (C.15)

Integrating by parts this can be written as

no —1 _ B
L= / d*o\/—g (g“”aﬂmam + 2im ™ elpp 0, + a“(ea\/gm )W“w + 2¢¢>

/dza\/_ (9“ au¢+au¢ + sz—16u¢pa WY+ _18(%2;/6)&/0%# + 27;1#)

= / d*0/=g (9" 0+ By + 2im ™ e ppdtp + m” W P ponth + 20)

= /de/—G (=G"™ 8,040, + 20 (ip" Dy + m)y) . (C.16)

The final form of the action is that of a world-sheet Dirac fermion of mass m together with

the fields ¢4+ moving in a curved metric G,. Above we have used the fact that in two

b

dimensions for any zwei-bein €}, and corresponding metric g,,,, the spin connection wj;” can

I

@Zb ab\}_AM d, <ég\/§) , (C.17)

where €® (e.9) is the flat Minkowski space e-tensor with non-zero components €’! = —¢!0 =

be written as

1 (e = €Y = —1). This formula can be derived from the xpressions presentd in ap-
pendix 0.

We may now want to define a string theory path integral for this Lagrangian. To do so
we consider the Polyakov path integral for the Lagrangian ([C.16). Since the path integral
integrates over metrics g,,, and the Lagrangian is a function of the metric G, = —m~! v
we first rescale

v — _m1/2gMV7 (C.18)

in order to eliminate the metric G,,. We arrive at a Polyakov-type path-integral with

action

L— /dQJ\/—_g (9" 0ud+0y0— + 20 (ip" Dy + Vm)) . (C.19)
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This Lagrangian is conformally invariant. One way to see this is to generalise the argu-
ment presented in [BY which considered sigma-models on plane-wave backgrounds. Let us

integrate out the fermions to obtain an effective Lagrangian for ¢4

C 10606+ Hlogdet |- L E

] 1
= "0, 00— + %log det [8,“¢+Hf“23maquﬁ+ﬂyl”20y2 + Zmz

. 1 .
= "0, 0uP— + % det [82 + Zmz] + %log(mQ)

~ " 0ud0ud— + 1" 0udpOud In A (C.20)
where A is the cut-off. We can re-absorb this divergent piece by re-defining ¢_
¢_ — b — ¢ InA. (C.21)

This shows that the Lagrangian ([C.19) is conformal. As it stands however, this Lagrangian
is not Weyl invariant and, just as in [BJ], we need to turn on a dilaton

P = g2 . (C.22)

D. Two dimensional spin connection

Let us consider a geenral Lorenzian two dimensional metric g,,, which we will parametrise

a’ b
G = < b d2> ’ (Dl)

where a, b and d are complex functions of 7 and ¢ the coordinates on the manifold. The

for convenience as

zwei-bein from which this follows is given by

e}L = (asinh p,—dsinhp), ez = (acosh p,dcosh p), (D.2)
where 1 ;
h-p=—. D.3

The Christoffel symbols

1
Pfj}\ = §glm (gm/ AT Gen oy — gun ,n) (D.4)
are given by
Iy =g ' (aba; + ad’ag — bby) |
I, =T =g ' (d®aa; — bddy) ,
Tl = g7 (d%by — bdd,y — d?dy) ,
F%1 = gf1 (—a3a,1 —aba g + a2b,0) ,
I, = T4 =g ' (—aba, + a®ddy) |
I3, = g ' (addy — bby + bdd,g) . (D.10

15T am grateful to A. Tseytlin for a number of discussions and explanations of these issues.
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where g = det g,,,,. It is easy to check that these satisfy the defining equation

Guv X — gwaZ)\ - gnurz’j)\ =0. (D-ll)
The spin connection w,™ can be determined from the following equation
Dyeyt = dpey +wy'ney, — e =0. (D.12)

Since wy,"™ is anti-symmetric in (m,n) the non-zero components are given by

oL _ 10 _ —2ada,; — bda o + adbg + abd g

= = D.1
Wo 0 2advﬂ:§ ’ ( 3)
—bda 1 — adb bd 2ad?d
WO = 0 _ Z0e  adba F abd, F 2adTdp (D.14)

2ad\/—g

E. T-dual version of the action (3.1§)

Performing T-duality for the action (B.1§) along « leads to a very simple form for an
equivalent action. In this appendix we breifly present these results. To T-dualise along «
we replace d,a by A, and adding the Lagrange multiplier term e*”A,0,&. The A, are
then integrated out and we obtain the action

d 2 V99" Lo Lo
- d - - t— - % ut‘_ %7
Ly g < (Ot = 515 0w ) (Ot — 510 O 11")

~ 57 197 2 ~ 57 197 2
+(0u& — (M Oumz —n 0un”))(Ovd — (M ym2 —m Oy )))

2eHv i e ~ - -
1 — i <(8Mt = 5 0un")(Ova = (m Oy12 — n' o, 772))> (E.1)
'
where we have used the fact that up to total derivatives
et . e
/ 0-1 _772,,72 12 v QT 1) / 01 —77@77@ °w (7501 ( )

At the level of classical equations of motion we may integrate out the metric to get a
Nambu-Goto type action

Ny

€ R B — —
LN = /d201 — ((@ﬂf —i0; 0u1") (D& — (m By — ' 0u772))) ,  (E3)

where we have rescaled ¢ — ¢/2 and multiplied the whole action by a factor of 2. The
Nambu-Goto form of the action is particularily simple due to the ’two-dimensional’ target
space form of the action (E.J). The equations of motion for & and ¢ imply that

1 7 i
i, Out = 5 0un’) = Oux (E.4)
(]
1 ~ 9 197 2
iy Ol = (mOumz =" 0) = Dz (E.5)
1
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where y; are arbitrary Grassmann-even functions of 7 and ¢. The fermion equations of

motion can then be written in form notation as
0 = nidxiadye — idniadxs + idxiadry

where 7 # j.

(E.6)

Let us combine the (1 4 1 dimensional) spacetime coordinates into a two-vector

= (t,a)", i=1,2,
and represent the spacetime gamma matrices as

~10 0 —i
0_ 1_
7_<01>’ 7 (—z’ 0)’

a spacetime Dirac spinor as

The conjugate spinor is then
\Tla == (\I/T")/O)a = (_7717772)04 .
With these definitions the Nambu-Goto action can be written as

1 €t i
dNG 2
LS :—/da <11 117,

2 14 w2

where we define

I, = (9,0 — 1040, W), U’ =00,
and
070,V = 040,V — 0,9~'¥
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